Heavy Hybrid Decays in a Constituent Gluon Model by Farina, Christian et al.
Heavy Hybrid Decays in a Constituent Gluon Model
Christian Farina,1 Hugo Garcia Tecocoatzi,2 Alessandro Giachino,3 Elena Santopinto,3 and Eric S. Swanson1, ∗
1Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh PA 15260
2Instituto de Ciencias Nucleares, UNAM, Mexico
3INFN, Sezione di Genova, via Dodecaneso 33, 16146 Genova, Italy
A constituent gluon model that is informed by recent lattice field theory is developed. The model
is then used to compute hybrid strong decay widths, that can be useful for the GlueX collaboration
at Jefferson Lab and the PANDA collaboration at FAIR. Commensurately, forthcoming data from
GlueX and PANDA will test the model. Widths tend to be large except for those of the lightest
hybrid S-wave multiplet. Selection rules, extensions, limitations, and applications are discussed.
I. INTRODUCTION
Longstanding interest in hybrid mesons continues because they offer a window into the unknown dynamics of
nonperturbative gluonic degrees of freedom in Quantum Chromodynamics (QCD). In particular, robust experimental
programs are underway by the GlueX collaboration at Jefferson Lab[1] and by the PANDA collaboration at FAIR[2].
The spectrum, radiative transitions, and strong decay widths are of interest to the experimental community as these
are crucial to informing experimental design and the interpretation of experimental results. A simple model of hybrid
structure is developed in the following and is applied to the strong decays of charmonium hybrids, which is a focal
point for the PANDA collaboration.
A variety of hybrid models have been developed since the 1970s; these chiefly fall into two camps: constituent gluon
models and flux tube models. The former include bag models[3] or simple constituent glue models[4], while the latter
include string models[5] or more elaborate flux tube models[6]. Most of this work predates the substantial progress
that has been made in understanding hybrid properties by the lattice gauge community. This effort had revealed
flaws in the early models, most of which are severe enough to invalidate the models (see Ref. [7] for a recent review
of the experimental and theoretical status of hybrids). Given this situation, and the impending data from GlueX and
PANDA, it is incumbent to revisit hybrid structure modelling. Of course, it is preferable that new models incorporate
the features of gluodynamics that the past 20 years of lattice gauge computations have revealed. Among these are
the spectrum of adiabatic gluonic excitations[8, 9], the gluelump (bound states of gluons and a static adjoint colour
source) spectrum[10], and properties of charmonium hybrids[11–13]. Of particular interest is the confirmation that the
heavy quark multiplet structure anticipated in Ref. [9] is reflected in the charmonium spectrum[11]. It is interesting,
and very suggestive, that this multiplet structure can be reproduced by degrees of freedom consisting of a quark, an
antiquark, and an axial gluon with quantum numbers JPC = 1+−[14, 17].
Indeed, work has started along these lines, starting with an examination of the adiabatic gluon potentials in a
constituent gluon model based on the Hamiltonian of QCD[18]. This work obtained decent agreement with lattice
but noted that the level ordering was incorrect. Subsequently it was realized that gluonic three-body interactions
can correct the level ordering problem[19], and this was used to construct models for gluelumps[20] and heavy quark
hybrids[14]. Here we shall follow a similar approach with an eye to developing the simplest model possible that
captures the necessary features revealed by the lattice. This will be described in Section II. The resulting hybrid
wavefunctions will then form the starting point for the computation of strong decays of charmonium hybrids.
It is useful to note that advances in the application of effective field theory to hybrids have also been occurring.
This approach has led to a more thorough understanding of systematics in heavy quark hybrids, including subtleties
concerning angular momentum and the structure of subleading spin-dependent operators[15, 16]. Although these
results are interesting, and inform our model building, they are not of direct relevance to the present work because
gluonic degrees of freedom are integrated out, precluding the application of the formalism to hadronic transitions.
Hybrid meson decay models also have a long history. The earliest work we are aware of is due to Tanimoto[21] (see
also the first of Ref.[4]), who assumed a simple P -wave symmetric Gaussian wavefunction for all hybrids and decay via
gluon dissociation to a quark-antiquark pair. In contrast, the model of Isgur and Paton assumed that gluon dynamics
can be described by a nonrelativistic string[22] and that strong decays occur via a string breaking mechanism with
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2vacuum quantum numbers[23]. A model for hybrid decay that employed the same philosophy but assumed vector
quark pair creation was developed by Swanson and Szczepaniak[24] and applied in Ref. [25].
The approach adopted here is predicated on the simple consitutent gluon model we adopt and is guided by the QCD
Hamiltonian. Namely, we shall assume that the gluon simply dissociates into a light quark pair via the perturbative
quark-gluon coupling. Thus we resurrect the Tanimoto decay model, but with the addition of a reasonable model of
hybrid structure and with the benefit of lattice predictions of the charmonium hybrid spectrum. The decay model
will be described in Section III followed by conclusions in Section IV.
II. CONSTITUENT GLUON MODEL OF HYBRID MESONS
Our model for hybrid structure will assume constituent quarks and gluons are the dominant degrees of freedom
and that these interact according to QCD. Interactions are made especially transparent by adopting the Hamiltonian
of QCD in Coulomb gauge[26, 27]. Perhaps the strongest reason for adopting this approach is that all degrees of
freedom are manifest (i.e., there are no ghosts) and that an explicit instantaneous “Coulomb” interaction exists
between valence quarks and gluons. The philosophy advocated here was developed extensively in Ref. [28], where
a mean field model of the gluonic vacuum was used to derive an effective gluon dispersion and a nonperturbative
expression for the Coulomb operator (to be explained further below) that recapitulates linear confinement as observed
in lattice gauge computations.
The construction of a hybrid meson proceeds by assuming a dynamical constituent gluon (thus, the gluon remains
transverse) coupled to quarks. This involves a Clebsch-Gordan coefficient that couples the canonical gluon spin
projection s to the gluon angular momentum (`g,mg) to total gluon spin, jg. Converting to the gluon helicity basis
and assuming that `g = jg reduces the product of two Wigner matrices to one and produces a factor of
χ
(−)
λ,µ ≡ 〈1λ`g0|`gµ〉 =
{
0, `g = 0
λ√
2
δλ,µ, `g ≥ 1 . (1)
This represents a transverse electric (TE) gluon in our model and forms the explicit realisation of the axial constituent
gluon. Alternatively, one may set `g = jg ± 1 and obtain a transverse magnetic (TM) gluon with a Clebsch factor
given by
χ
(+)
λ,µ =
1√
2
δλ,µ. (2)
The end result for a generic hybrid meson creation operator is then
|JM [LS`jgξ]〉 = 1
2
TAij
∫
d3q
(2pi)3
d3k
(2pi)3
Ψjg,`(k,q)
√
2jg + 1
4pi
Djg∗mgµ(kˆ)χ
(ξ)
µ,λ
× 〈1
2
m
1
2
m¯|SMS〉 〈`m`, jgmg|LML〉 〈SMS , LML|JM〉 b†q− k2 ,i,m d
†
−q− k2 ,j,m¯
a†k,A,λ|0〉, (3)
The momenta of the constituents are chosen as a convenient rescaling of Jacobi coordinates, ~k = −2/√6~pλ and
~q = ~pρ/
√
2. Finally, the hybrid state is an eigenstate of parity and charge conjugation with eigenvalues given by
P = ξ(−1)`+jg+1 (4)
and
C = (−1)`+S+1. (5)
As mentioned above, we choose to model hybrid structure with a simplified version of the QCD Hamiltonian. The
Hamiltonian in Coulomb gauge is written as[26, 27]
HQCD =
∫
d3x
[
ψ† (−iα ·∇+ βm)ψ + 1
2
(
J−1/2ΠJ ·ΠJ−1/2 + B ·B
)
− gψ†α ·Aψ
]
+HC (6)
3with
HC =
1
2
∫
d3x d3yJ−1/2ρA(x)J 1/2KˆAB(x,y; A)J 1/2ρB(y)J−1/2. (7)
The latter expression is the instantaneous interaction that emerges from the imposition of Gauss’s law in Coulomb
gauge. This involves the Faddeev-Popov determinant
J ≡ det(∇ ·D), (8)
which is the remnant of the ghost in this gauge. Here D represents the adjoint covariant derivative
DAB ≡ δAB∇− gfABCAC . (9)
The colour charge density that appears in Eq. 7 is given by
ρA(x) = fABCAB(x) ·ΠC(x) + ψ†(x)TAψ(x). (10)
The kernel of the Coulomb interaction can be formally written as[27]
KˆAB(x,y; A) ≡ 〈x, A| g∇ ·D (−∇
2)
g
∇ ·D |y, B〉. (11)
Finally, A is the vector potential and Π is the conjugate momentum given by the negative of the transverse chromo-
electric field.
Equations 6 to 11 are a full field-theoretic representation of QCD and are therefore difficult to solve. In particular,
the Coulomb interaction involves infinitely many gluons that build n-body operators in Fock space. The two-body
operator can be related to the Wilson loop linear confinement potential in a rather direct way[28, 29]. Here we accept
the mapping to linear confinement as a phenomenologically useful device and simply set
KˆAB(r, 0)→ KAB(r, 0) = δAB
(
aS
r
− 3
4
br
)
. (12)
Of course, this reproduces the successes of the Cornell potential in nonrelativistic quark models. Higher terms in
the n-body expansion of Kˆ can be incorporated in the formalism as required. The effects of the Faddeev-Popov
determinant are assumed to be largely confined to restricting the gauge field to the fundamental modular region[30],
and are therefore ignored in the following. The vector potential is approximated by its Abelian analogue when making
field expansions:
AB(x) =
∫
d3k
(2pi)3
1√
2ω(k)
(
aB(k) + aB†(−k)) eik·x. (13)
The gluon dispersion is denoted as ω in this expression and need not take on the perturbative form ω = k because
the gluon is a quasiparticle in this approach. In fact, explicit computation in a mean field vacuum model gives a
dispersion that is well approximated by[28]
ω2 = k2 +m2ge
−k/bg (14)
where the dynamical gluon mass is mg ≈ 600 MeV and the parameter bg ≈ 6000 MeV. Finally, the nonrelativistic
limit is taken at all opportunities.
The resulting model can be thought of as a minimal extension of the nonrelativistic potential quark model with the
addition of constituent gluon degrees of freedom and possible many-body couplings (for example, the tri-linear gluon
coupling). It can also be extended to include relativistic effects in the inverse mass expansion that may be important
for spin-dependent effects.
4TABLE I: JPC Hybrid Multiplets. With generating operators and corresponding constituent gluon model quantum numbers.
multiplet operator ξ jg ` L J
PC
H1 ψ
† ~Bχ -1 1 0 1 1−−, (0, 1, 2)−+
H2 ψ
†∇× ~Bχ -1 1 1 1 1++, (0, 1, 2)+−
H3 ψ
†∇ · ~Bχ -1 1 1 0 0++, (1+−)
H4 ψ
†[∇ ~B]2χ -1 1 1 2 2++, (1, 2, 3)+−
Our immediate goal is to obtain a rough description of the lowest hybrid charmonium mesons. As mentioned above,
these fall into multiplets that are associated with interpolating fields as shown in Table I. A model description of these
multiplets is sought by employing a TE constituent gluon with jg = 1. This leaves the quark angular momentum
(`) and the total angular momentum (L) to be specified. Doing so gives columns three to six in the table. Finally
combining these degrees of freedom with the total quark spin gives the quantum numbers shown in the last column
(the entries in brackets correspond to S = 1).
In this preliminary calculation we choose a simple product Ansatz for the hybrid wavefunction, namely
Ψjg,`(k,q) = ϕjg (k;β)ϕ`(q;α)Y`,m`(qˆ) (15)
This makes explicit the angular momentum dependence in the q coordinate. The gluon angular momentum dependence
is contained in the Wigner rotation matrix in Eq. 3. In the following we shall employ simple harmonic oscillator
(SHO) wavefunctions for the ϕ functions and determine the width parameters α and β variationally:
∂
∂α(β)
〈J ′M ′[L′S′`′j′gξ′]|HQCD|JM [LS`jgξ]〉 = 0. (16)
The computation amounts to evaluating the diagram illustrated in Fig. 1, where three possible two-body interactions
are shown. As mentioned in the Introduction, it has been found that three-body interactions are important for
describing higher gluonic excitation surfaces. However, these are zero for the lowest lying surface[19], with which we
deal exclusively.
FIG. 1: Interactions Contributing the Hybrid Bound State.
Model parameters were fixed to those used previously in a potential quark model[31] along with the dispersion of
Eq. 14. Thus all parameters have been fixed by previous work. Since this preliminary work is not concerned with
fine structure in the spectrum we restrict attention to the nonrelativistic limit and hence seek spin-averaged masses.
Details of the calculation are presented in the Appendices; the results for spin averaged S-wave and P -wave charmonia
and the spin averaged hybrid masses are shown in Fig. 2. We remark that the method for spin-averaging hybrid
multiplets is not obvious; here we simply take these values as the masses of the spin zero member of the multiplet.
This procedure is justified in Ref. [32]. The figure shows two sets of lattice charmonia masses obtained with light
quark masses that correspond to pion masses of 400 MeV (dark boxes) and 236 MeV (light boxes). Model results
have been centered on the lattice ηc–J/ψ multiplet in the first column. The resulting spin-averaged H2 and H3 hybrid
mass predictions are high by 100 – 200 MeV. Somewhat surprisingly, given that no parameters were adjusted, the
other mass predictions agree rather well with the more recent lattice field spectrum. We find these initial results
encouraging and look forward to performing more detailed computations. In the meantime, we adopt the hybrid
wavefunction width parameters and move on to hybrid decays.
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FIG. 2: Spin Averaged Meson and Hybrid Masses. Dark grey boxes: lattice results with mpi = 400 MeV[11]. Light grey boxes:
lattice results with mpi = 236 MeV[12]. Solid box: model results.
III. HYBRID DECAY MODEL
It is feasible and perhaps obligatory to consider strong hybrid decays once a reasonably robust model of hybrid
structure is in hand. The first issue is determining the decay operator. Possibilities include absorbing the valence
gluon into a quark or the Coulomb operator and then pair producing via a valence-valence-transverse tri-gluon vertex.
This is rather elaborate and is suppressed by two powers of a mass scale (that is roughly 1 GeV). We choose, instead,
to adopt the simplest and leading operator, which is quark pair production via gluon dissociation (Fig. 3).
FIG. 3: Hybrid Decay Model.
The calculation will be made using the hybrid wavefunctions found in the previous section. In a similar fashion, we
also employ SHO wavefunctions for the final state mesons. Masses for the hybrids are taken from the lattice [11, 12]
and measured masses are used for all mesons. Details are provided in the Appendix along with a description of the
P -wave mixing angles used.
The decay model contains two selections rules: (i) spin zero hybrids do not decay to spin zero mesons, (ii) TE
hybrids do not decay to mesons with identical spatial wavefunctions. The former follows from the 3S1 quantum
numbers of the vertex, while the latter is proved in the Appendix. These selection rules are typical of hybrid decay
models, and there is reason to believe that they are generally true[33].
The partial widths obtained in the model generally follow the pattern of “3S1” models, namely the leading partial
wave is much larger than subleading ones. It is interesting that exceptions do exist; for example H2(1 +−) → D∗D¯
has an S/D ratio of 0.16. It is possible that this unusual circumstance can aid in the eventual identification of hybrid
candidates. More generally, partial wave ratios tend to be closer to unity for decay models in which the vertex carries
3P0 quantum numbers. In fact this can be used to distinguish strong decay models in the case of canonical meson
decays[34].
The major open issue in the current work is the selection of the remaining parameter, the quark-gluon coupling g.
In contrast to all other model parameters, which have their values fixed by external data or by direct computation,
6the quark-gluon coupling is unconstrained. While it may be natural to assign
g =
√
4piaS (17)
this is not necessarily accurate. The parameter aS results from a fit to either the meson spectrum or lattice Wil-
son loop computations of the adiabatic interquark potential. It therefore parameterises an effective description of
nonperturbative gluodynamics. It is possible, for example, that aS is approximated by the string splitting[35]
aS ≈ pi
12
(18)
at intermediate scales (say, 1/2 fm) and therefore has little direct contact with g. A third alternative is that one
should use the QCD coupling at the scale of hybrid mesons, hence
g ≈ gQCD(4.5 GeV) ≈ 1.6. (19)
Alternatively, setting g = gQCD at the average gluon momentum gives g ≈ 2.5.
The natural way to resolve the problem is to set the coupling from a well-established hybrid decay width. Unfor-
tunately, no lattice field computations of open flavour heavy hybrid decay have been made.
Turning to experiment, the quantum number exotic state Rc0(4240) is reported in the Review of Particle
Properties[36]. The claimed quantum numbers are JPC = 0−−, which are forbidden to fermion-antifermion sys-
tems. The state is seen to decay to pi−ψ(2S) with a total width of Γ = 220 MeV with large errors. Note that the
decay mode implies that the Rc0 is also flavour-exotic. A 0
−− hybrid can be accommodated within the current model,
but is a TM hybrid, and therefore heavier than the 4.0 – 4.5 GeV masses seen in the lightest multiplets. The poor
agreement with model expectations, the exotic flavour content, and the closed flavour decay mode make it impossible
to use this state for setting the coupling.
The ψ(4260) (previously known as the Y (4260)) is a longstanding charmonium hybrid candidate. Its mass is
reported as 4320(6) MeV and width as 55(19) MeV[36]. The state is seen to decay to pipiJ/ψ, either directly, or via
resonances as f0J/ψ or Zc(3900)pi. Since the Y does not fit with well-established quark model expectations[37] it has
been suggested that it is a hybrid candidate, with a natural identification with H1(1
−−). The lattice predictions for
the mass of this state are 4285(14) MeV at mpi = 400 MeV or 4411(17) MeV at mpi = 236 MeV. The former value
looks promising, so it is unfortunate that decreasing the pion mass towards its physical value worsens the agreement.
This appears to be a general feature of the computation – with all higher mass mesons shifting upwards in mass by
100 – 200 MeV (these mesons have an excitation energy of approximately 1400 MeV; those with an excitation energy
of approximately 900 MeV shift upwards by tens of MeV). An additional possible problem is that the closed flavour
decay H1(1
−−) → pipiJ/ψ must be accompanied by a spin flip, which is generally suppressed. Countering this is
the existence of anomalies in the hadronic transitions Υ(nS) → pipiΥ(n′S) also imply a failure of naive expectations
with respect to “spin flip”. This can happen if intermediate states such as B∗B¯ can propagate for a long time and
effectively decorrelate the heavy quark spin. Indeed, the observation of the Y in Zc(3900)pi indicates that such a
mechanism could be relevant here. Thus, although it is tempting, it is not prudent to set the coupling by comparison
with the ψ(4260).
In view of the lack of external information on the value of g, we proceed by setting g = 1.8 and bear in mind that
the results may require substantial modification pending the arrival of new information. Of course this modification
amounts to simply scaling the results, so at least it is not difficult to make.
Table II presents partial decay widths for the complete set of low-lying hybrid mesons to a variety of channels. In
this case we take the hybrid masses to be those obtained on the lattice with mpi = 400 MeV. Although these are
somewhat lighter than those obtained with more physical light quark masses, the calculation illustrates the effect of
assumptions about the hybrid masses and might be relevant to nature if it is confirmed that the ψ(4260) does indeed
contain substantial valence gluonic degrees of freedom.
The table reveals that members of the H1 multiplet are narrow and should appear as sharp peaks in their final
states. In contrast, all other hybrids are very broad and will likely be very difficult to discern. Of course, this
statement relies on the assumed value of the quark-gluon coupling constant; a reduction in g of a factor of four would
make the heavier hybrids broad, but detectable. It is evident that S+P decay modes are generally very large when
the channels are open. This repeats a rule of thumb found in previous hybrid decay models, such as Ref. [23].
Table III presents predicted widths when the hybrid masses are fixed according to the lattice results with mpi = 236
MeV[12]. In this case many S+P wave channels are open and the states become very broad (again, assuming that
g = 1.8). As an illustration of an application of these predictions, we show total hybrid widths for mpi = 236 MeV
7TABLE II: Hybrid Decay Widths (MeV), computed with the mpi = 400 MeV Hybrid Spectrum. Suppressed channels are
denoted as follows: − = quantum number, ø= threshold, 0 = selection rule, x = negligible.
state D∗D D0D D1LD D1HD D2D D0D∗ D1LD∗ D1HD∗ D2D∗ DsD∗s Ds0Ds Ds0D
∗
s Ds1LDs
1−− (H1) 12 - ø ø ø ø ø ø ø ø - ø ø
0−+ (H1) 26 ø ø ø ø - ø ø ø ø ø - ø
1−+ (H1) 6 - ø ø ø ø ø ø ø 6 - ø ø
2−+ (H1) 6 x x x 6 ø ø ø ø ø ø ø ø
1++ (H2) 7 - 351 1220 20 381 ø ø ø ø - ø ø
0+− (H2) x x 2220 355 x 483 ø ø ø x x ø ø
1+− (H2) 4 1337 147 64 29 ø ø ø ø 65 632 ø ø
2+− (H2) 3 1635 308 199 307 181 ø ø ø 48 1283 ø ø
0++ (H3) - - 367 1455 - 1116 194 232 ø - - 349 146
1+− (H3) x 454 644 247 381 666 367 256 3 x 412 268 155
2++ (H4) 11 x 0 1837 7 1320 967 232 133 15 x 661 0
1+− (H4) 16 2602 810 464 15 1128 102 111 40 22 3003 604 293
2+− (H4) 2 x 2766 666 161 2137 547 585 219 3 x 1314 1367
3+− (H4) 7 5 0 2 1030 1 1 2781 744 11 7 8 0
TABLE III: Hybrid Decay Widths (MeV), computed with the mpi = 236 MeV Hybrid Spectrum. Suppressed channels are
denoted as follows: − = quantum number, ø= threshold, 0 = selection rule, x = negligible.
state D∗D D0D D1LD D1HD D2D D0D∗ D1LD∗ D1HD∗ D2D∗ DsD∗s Ds0Ds Ds0D
∗
s Ds1LDs
1−− (H1) 9 - 822 3566 1 2684 ø ø ø 23 - ø ø
0−+ (H1) 24 8215 ø ø ø - ø ø ø 34 ø ø ø
1−+ (H1) 6 - 3018 ø ø ø ø ø ø 10 - ø ø
2−+ (H1) 4 1 x 1 2138 x 1750 2654 ø 12 1 x x
1++ (H2) 6 - 483 1930 34 1182 572 94 ø 20 - 423 244
0+− (H2) x x 3045 586 x 1860 9 ø ø x x 85 139
1+− (H2) 3 1736 406 283 512 471 46 ø ø 36 1734 25 14
2+− (H2) 4 1700 482 343 678 775 1550 587 113 23 2185 434 191
0++ (H3) - - 387 1660 - 1574 750 2317 1500 - - 1506 623
1+− (H3) x 414 683 279 466 922 1162 1676 593 x 507 902 513
2++ (H4) 8 x 0 1839 9 1623 2436 949 1496 18 x 1951 0
1+− (H4) 11 1816 724 405 30 1285 230 399 358 27 3353 1788 911
2+− (H4) 1 x 2468 646 178 2417 1083 1540 986 3 x 2993 3106
3+− (H4) 5 6 0 3 969 2 6 4339 1420 12 10 x 0
hybrid masses in Table IV. Widths have been normalized by identifying the H1(1
−−) as the ψ(4660). One sees that
the resulting widths are typical of charmonia. However, the relative couplings to different channels and of different
partial waves within a channel can be used to distinguish cryptoexotic states from canonical charmonia.
TABLE IV: Total Hybrid Widths (MeV). Normalized by assuming H1(1
−−)↔ ψ(4660).
H1 H2 H3 H4
1−− 0−+ 1−+ 2−+ 1++ 0+− 1+− 2+− 0++ 1+− 2++ 1+− 2+− 3+−
70 83 30 66 50 57 53 90 103 81 103 113 154 68
IV. CONCLUSIONS
We have developed a simple model of hybrid structure that leverages guidance from QCD in Coulomb gauge and
from lattice field theory computations. In particular we assume that an axial constituent gluon provides a reasonable
facsimile of low lying gluonic degrees of freedom. Certainly, this is in agreement with recent lattice computations
of the charmonium spectrum. Furthermore, when the interactions of the constituent gluon are sufficiently tuned (in
particular, by including three-body interactions), it is possible to maintain consistency with the gluelump spectrum
and the gluonic adiabatic energy surfaces. Using these observations as a starting point has led to a reasonable spin-
8averaged spectrum shown in Fig. 2 and lends confidence that a more detailed calculation should be able to provide an
accurate representation of the lowest hybrid multiplets. It will be interesting to improve the spectrum computation
and to include spin-splittings. Having a detailed structure model will also permit the computation of other observables
of interest, such as radiative couplings.
Adopting a constituent gluon model for hybrid structure leads naturally to the assumption that quark pair pro-
duction from the valence gluon describes strong hybrid meson decay, resurrecting an old model of Tanimoto. The
model incorporates several familiar selection rules: spin zero hybrids do not decay to spin zero mesons, TE hybrids
do not decay to identical mesons or mesons with identical spatial wavefunctions, and S+P wave decay modes are
preferred. We note that the structure of the decay vertex satisfies the general conditions of Ref. [40], and therefore
hybrid mesons will experience no relative mass shifts if spin-averaged hadron masses are assumed.
With respect to the present work, the major remaining issue is the determination of the quark-gluon coupling. The
most likely way forward is a direct lattice computation of an open flavour decay. If the large widths seen in Table III
survive serious phenomenological implications follow. It is, for example, very unlikely that hybrid mesons will show
up as clean signals in any channel. Rather their effect is spread throughout the spectrum and interaction dynamics in
the 4500 MeV region. Certainly, large shifts in the pole positions of quenched hybrid mesons are expected, and it is
possible that canonical charmonia will receive larger than expected shifts in their pole positions in this mass region.
Interestingly, the unquenched lattice spectra of Refs. [11] and [12] indicate that large shifts in the naive masses of
the hybrids are seen in moving to lighter sea quarks. This is in contrast to modest shifts that are seen in the mesons
that are identified as canonical (having less overlap with operators with explicit gluonic fields)[12]. Thus there is
some evidence that hybrid mesons do indeed have large widths. Pinning down just how large these are remains an
interesting and worthwhile endeavour.
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Appendix A: Parameters
Quark model parameters used in the spectrum computation are as follows:
aS = 0.594 b = 0.16 GeV
2 mc = 1.6 GeV mg = 0.6 GeV bg = 6 GeV. (A1)
The first three values are typical of potential quark models[31], while the latter two are obtained in a mean field
computation of the gluonic vacuum structure reported in Ref. [28]. Additional quark masses required for the decay
computation were taken to be mu = 0.33 GeV and ms = 0.55 GeV.
Hybrid masses are obtained from two lattice field computations of the charmonium spectrum, with hybrids identified
by the strength of state coupling to operators with explicit gluonic fields. These masses are displayed in Table V.
TABLE V: Lattice hybrid charmonium spectra employed in the computation.
multiplet JPC mass (MeV)[11] mass (MeV)[12]
H1 1
−− 4285(14) 4411(17)
0−+ 4195(13) 4279(18)
1−+ 4217(16) 4310(23)
2−+ 4334(17) 4456(21)
H2 1
++ 4399(14) 4470(25)
0+− 4386(09) 4437(27)
1+− 4344(38) 4438(23)
2+− 4395(40) 4502(18)
H3 0
++ 4472(30) 4591(46)
1+− 4497(19) 4571(27)
H4 2
++ 4492(21) 4623(32)
1+− 4497(39) 4665(53)
2+− 4509(18) 4631(26)
3+− 4548(22) 4644(34)
9The wavefunction width parameters used in the decay calculation are given in Table VI. These are drawn from the
cited references for mesons and are obtained from our variational calculation for hybrids.
TABLE VI: Gaussian width parameters (MeV).
state cu¯[38] cc¯[38] cu¯[39] cs¯[39] hybrid (α, β)
Ps 430 710 600 650
V 370 660 520 560
1P1 330 500 470 490
3PJ 320 490 430 460
3DJ 300 450 410 400
1D2 300 450 430 440
Ps(2S) 310 480 450 480
V(2S) 300 480 430 460
Ps(3S) 280 410 410 420
V(3S) 270 410 400 420
H1 415, 680
H2 405, 630
H3 405, 600
H4 405, 620
Mixed open flavour P -wave states are defined via a rotation from quark model states with fixed charge conjugation
as follows:
D1L = cos(θ) |1P1〉+ sin(θ) |3P1〉
D1H = − sin(θ) |1P1〉+ cos(θ) |3P1〉, (A2)
with similar relationships for the Ds1 states. The mixing angle arises from a tensor spin-dependent interaction in the
potential quark model. A specific model computation[39] yields the results
θ1P (cu) = −25.7◦ θ2P (cu) = −29.4◦ θ1P (cs) = −37.5◦ θ2P (cs) = −30.4◦ (A3)
By way of comparison, these angle are θ1P = −54.7 or 35.3 degrees in the heavy quark limit.
Appendix B: Hybrid Wavefunctions
We seek to estimate spin averaged hybrid masses with the variational Ansatz of Eqs. 3 and 15. In the case of equal
quark masses the kinetic energy operators are purely radial and the angular integrals of Eq. 16 can be performed.
The result is diagonal in the quantum numbers and of the form (delta functions in quantum numbers are suppressed
in the following)
〈K〉 =
∫
k2dk
(2pi)3
q2dq
(2pi)3
|ϕjg (k)|2 |ϕ`(q)|2
[
2mc +
q2
mc
+
k2
4mc
+
1
2
(
ω(k) +
k2
ω(k)
)]
. (B1)
The quark-antiquark interaction gives the contribution
〈Vqq¯〉 = +1
6
∫
d3q
(2pi)3
d3Q
(2pi)3
ϕ`(q)Y`m`(qˆ)ϕ
∗
` (q −Q)Y ∗`m`(q̂ −Q)V (Q) (B2)
= +
1
6
∫
x2dx |ϕ`(x)|2V (x).
Here V is defined via KAB(r) = δABV (r) (see Eq. 11).
It is worth remarking that, although the Fourier transform of a linear function does not exist, it is easy to convince
oneself that this should be irrelevant when integrating against strongly convergent functions such as Gaussians. Indeed,
regulating the linear potential yields a Fourier transform
10
F(x) = − 8pi
(k2 + 2)3
(k2 − 32), (B3)
which gives correct results in integrals like above when the limit as  goes to zero is taken.
The quark-gluon and antiquark-gluon contributions to the energy contain factors of 12 [
√
ω(k +Q)/ω(k) +√
ω(k)/ω(k +Q)]. This is equal to unity for large k and for small k and k + Q. This leaves a small and incon-
sequential region where this factor deviates from unity, hence we simply set this equal to one (doing so permits doing
the relevant integrals analytically). Explicit expressions are
〈Hqg〉 = 〈Hq¯g〉 = −3
2
∫
d3k
(2pi)3
d3q
(2pi)3
d3Q
(2pi)3
V (Q)ϕjg (k)ϕ`(q)Y`m`(qˆ)ϕ
∗
j′g
(k +Q)ϕ∗`′(q −Q/2)Y ∗`′m′`(̂q −Q/2) ·(B4)
3
4pi
D1∗b0 (kˆ)D
1
b′0(k̂ +Q) 〈1mg1i|1b〉 〈1m′g1i|1b′〉 ·
〈`m`1mg|LML〉 〈`′m′`1m′g|L′M ′L〉 〈SMSLML|JM〉 〈SMSL′M ′L|J ′M ′〉.
The integrals over k and q can be performed leaving relatively simple functions of Q. Finally, the integral over Q can
also be evaluated analytically. Intermediate results for the relevant cases of ` = 0 and ` = 1 are
〈Vqg〉`=0 = −3
2
∫
Q2dQ
2pi2
V (Q)e−Q
2/16α2 e−Q
2/4β2
(
1− Q
2
6β2
)
. (B5)
and
〈Vqg〉`=1 = −3
2
∫
Q2dQ
2pi2
V (Q)e−Q
2/16α2 e−Q
2/4β2
(
1− Q
2
24α2
− Q
2
6β2
+
Q4
480α2β2
fL
)
, (B6)
with f0 = 0, f1 = 5, and f2 = 3. In all cases J = J
′ emerges as expected.
Appendix C: Hybrid Decay
We consider the decay H → B(K)C(−K) where K is the momentum of the meson B. With this notation, the
expression for the decay amplitude reads
A(K) = −2
3
g
∫
d3k
(2pi)3
d3q
(2pi)3
Ψjg,`(k,q)
√
2jg + 1
4pi
Djg∗mgµ(kˆ)χ
(ξ)
µ,λ ·
〈1
2
m
1
2
m¯|SMS〉 〈`m`, jgmg|LML〉 〈SMS , LML|JM〉 ·
1√
2ω(k)
χ†sσχ˜s′ · (k, λ) ·
φ∗B(q− k/2−
mc
mq +mc
K) 〈1
2
m
1
2
s′|SBMSB〉 〈SBMSBLBMLB |JBMB〉 ·
φ∗C(q + k/2−
mc
mq +mc
K) 〈1
2
s
1
2
m¯|SCMSC〉 〈SCMSCLCMLC |JCMC〉. (C1)
This can be simplified by noting that
χ†sσχ˜s′k,λ = −
√
2
|s+s′|
D1
s+s′ ,λ(k), (C2)
combining the two Wigner functions, and performing the sums over λ and λ′. For a TE gluon with jg = 1 one obtains
√
2
|s+s′|
(−)s+s′ 〈1mg1− (s+ s′)|1b〉D1∗b0 (kˆ). (C3)
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The integral over kˆ depends on the product φBφC , which is even under k → −k if the wavefunctions are identical.
Thus we derive the selection rule that TE hybrids cannot decay to pairs of identical mesons.
Decay rates were computed by performing sums in amplitudes analytically with Mathematica. The resulting six-
dimensional integrals were then evaluated numerically and Clebsched to form partial widths of good total spin and
angular momentum. It was crucial to set the final meson momentum along the zˆ axis to make the latter steps feasible.
Finally, for large g, it is the availability of phase space that determines the width of most hybrids. Relevant
thresholds for the mpi = 400 MeV case are shown in Fig. 4.
H H H H1 2 3 4
v
v
v
v
v v
v
v
v v
v v
v
v
1−− 0−+ 1−+ 2−+ 1++ 0+− 1+− 2+− 0++ 1+− 2++ 1+− 2+− 3+−
4500
4400
4300
4200
D1LD¯,Ds0D¯s
D1HD¯
D2D¯
D0D¯*
D1LD¯*,Ds0D¯*s , Ds1LD¯s
D1HD¯*
D2D¯*
D*D¯, D*s D¯s
D0D¯
FIG. 4: Lattice Hybrid Masses (mpi = 400 MeV) and Thresholds. Quantum number-exotic hybrids are denoted with grey
boxes.
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